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EXISTENCE OF THE MAXIMIZING PAIR FOR THE DISCRETE
HARDY-LITTLEWOOD-SOBOLEV INEQUALITY
GENGGENG HUANG, CONGMING LI, AND XIMING YIN
Abstract. In this paper, we study the best constant of the following discrete Hardy-
Littlewood-Sobolev inequality,
(0.1)
∑
i,j,i 6=j
figj
| i− j |n−α ≤ Cr,s,α|f |lr |g|ls ,
where i, j ∈ Zn, r, s > 1, 0 < α < n, and 1
r
+ 1
s
+ n−α
n
≥ 2. Indeed, we can prove that
the best constant is attainable in the supercritical case 1
r
+ 1
s
+ n−α
n
> 2.
1. Introduction
In the present paper, we investigate the attainability of the best constant of the
following discrete Hardy-Littlewood-Sobolev(DHLS for abbreviation) inequality
(1.1)
∑
i,j,i6=j
figj
| i− j |n−α ≤ Cr,s,α|f |lr |g|ls ,
where i, j ∈ Zn, r, s > 1, 0 < α < n, and 1r + 1s + n−αn ≥ 2. In fact, DHLS inequality is
direct related to the classical Hardy-Littlewood-Sobolev(HLS) inequality
(1.2)
∫
Rn
∫
Rn
f(x)g(y)
| x− y |n−αdxdy ≤ C
′
r,s,α‖f‖Lr‖g‖Ls
for any f ∈ Lr(Rn) and g ∈ Ls(Rn) provided that
0 < α < n, 1 < r, s <∞
with
1
r
+
1
s
+
n− α
n
= 2
C ′r,s,α is the best constant for (1.2).
We now provide a proof from (1.2) to get (1.1). One may consider the special case of
(1.2) for
f(x) ≡ fi, g(x) ≡ gi, in |x− i| < 1
n
,∀i ∈ Zn, otherwise f(x) = g(x) = 0.
Key words and phrases. Discrete Hardy-Littlewood-Sobolev Inequality, best constant, concentration
compactness, existence, supercritical.
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Obviously, we have ∫
Rn
∫
Rn
|f(x)g(y)|
| x− y |n−αdxdy
=
∑
i,j∈Zn
∫
B 1
n
(i)
∫
B 1
n
(j)
|fi||gj |
|x− y|n−αdxdy
>
∑
i,j,i6=j
|fi||gj |
|i− j|n−α
∫
B 1
n
(0)
∫
B 1
n
(0)
1
| i−j+x−y|i−j| |n−α
dxdy
≥
∑
i,j,i6=j
|fi||gj |
|i− j|n−α
∫
B 1
n
(0)
∫
B 1
n
(0)
1
|1− 1√
n
|n−αdxdy
≥ cn
∑
i 6=j
|fi||gj |
|i− j|n−α(1.3)
Then by (1.2), we get (1.1) immediately for 1r +
1
s +
n−α
n = 2. For the supercritical
situation, we will present a simple lemma in Section 2 to illustrate it.
It is well-known that (1.2) was studied by a remarkable paper of Lieb [14]. In [14],
Lieb proved the existence of the maximizing pair (f, g), i.e. the attainability of the
best constant of (1.2). In particular, Lieb also gave the explicit (f, g) and C ′r,s,α in the
case p = q. The method Lieb used was to examine the Euler-Lagrange equation that
the maximizing pair (f, g) satisfies. Also, we will analysis the Euler-Lagrange equation
corresponding to (1.1). After Lieb [14], Stein and Weiss first completed Lieb’s work
for weighted HLS inequality. There are also many other works concerning the Eluer-
Lagrange equations corresponding to HLS inequality, see [3]-[10].
Now we turn to the discrete situation. For n=1, (1.1) is just the Hardy-Littlewood-
Po´lya (HLP) inequality [12]. In [13], the authors considered (1.1) in a finite form under
the assumptions that r = s = 2, α = 0,
(1.4)
N∑
i,j=1,i 6=j
figj
|i− j| ≤ λN |f |2|g|2.
As this is a finite summation, (1.4) always holds by Ho¨lder inequality for some constant
λN depending on N . From (1.1), one can see that (1.4) fails for a uniform bound as
N →∞. They proved that
λN = 2 lnN +O(1).
Recently, Cheng-Li [11] generalized this result to high dimension for r = s = 2, α = 0.
They pointed out that the best constant λN satisfied
λN = |Sn−1| lnN + o(lnN),
here |Sn−1| represents the Lebesgue measure of the n− 1 dimensional unit sphere. The
regularities of the maximizing pair (f, g) are also important in analysis. Chen-Li-Zhen [2]
use the regularity lifting theorem obtained in [3] to get the optimal summation interval of
the solution of the Euler-Lagrange equation of (1.1). They also get some non-existence
results.
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In our paper, we have the following theorem.
Theorem 1.1. If r, s > 1, α ∈ (0, n), 1r + 1s + n−αn > 2, then the best constant Cr,s,α for
DHLS inequality (1.1) is attainable.
Remark 1.1. In fact, the assumptions of DHLS inequality (1.1) derived from HLS
inequality (1.2) should be 1r +
1
s +
n−α
n = 2. Later on, we will give a simple lemma to
verify that (1.1) still holds for 1r +
1
s +
n−α
n ≥ 2.
Remark 1.2. In the above theorem, we only proved the existence of the maximizing pair
(f, g) in the supercritical case 1r +
1
s +
n−α
n > 2. But, we believe it is also valid for the
critical case 1r +
1
s +
n−α
n = 2.
The main idea to prove Theorem 1.1 is to consider a sequence of DHLS inequalities
with finite elements as follows,
(1.5)
∑
|i|≤N
∑
|j|≤N,i6=j
figj
|i− j|n−α ≤ Cr,s,α,N |f |r|g|s,
here f = (fi)|i|≤N , r, s > 1, 1r +
1
s +
n−α
n > 2. It is easy to see that (1.5) is the restriction
of (1.1) on f, g with fi, gi ≡ 0 for |i| > N . For later use, we denote J(f, g) by
J(f, g) =
∑
i∈Zn
∑
j∈Zn,i 6=j
figj
|i− j|n−α .
Also we take fN , gN with |fN |r = |gN |s = 1 satisfy that
J(fN , gN ) = Cr,s,α,N .
We want to prove fN , gN → f, g strongly in lr, ls respectively. If it is right, we have
proved Theorem 1.1. Unfortunately, this is always false as we can see DHLS inequality
(1.1) is invariant under translation. We should use the Concentration Compactness ideas
introduced by P.L. Lions. The following theorem is important for using Concentration
Compactness ideas.
Theorem 1.2. If r, s > 1, α ∈ (0, n), 1r + 1s + n−αn > 2, then
max
|i|≤N
fNi , max|i|≤N
gNi ≥ cr,s,α > 0,
here cr,s,α is a uniform constant independent of N .
Theorem 1.2 tells us that after a translation f¯Ni = f
N
i−i0 , we will have f¯
N
0 = max|i|≤N
fN =
fNi0 . This excludes the case f¯
N , g¯N → 0. We will have after translation,
Theorem 1.3. Let f¯N , g¯N be the translation of fN , gN , then J(f¯N , g¯N ) → Cr,s,α and
f¯N , g¯N → f, g strongly respectively in lr, ls as N →∞.
The present paper is organized as follows. In Section 2, we will prove Theorem 1.2 and
the first part of Theorem 1.3. This is the main part of this paper and the Concentration
Compactness ideas is used in this section. We will prove Theorem 1.1 in Section 3 and
the last part of Theorem 1.3 in Section 4.
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2. Concentration Compactness property
This section is devoted to prove Theorem 1.2. First we shall illustrate (1.1) with the
following lemma.
Lemma 2.1. Suppose a ∈ lp(Zn), then |a|lq ≤ |a|lp for ∀q ≥ p.
Proof. For simplicity, we may assume |a|lp = 1 which means |ai| ≤ 1, i ∈ Zn. This
implies that ∑
i∈Zn
|ai|q ≤
∑
i∈Zn
|ai|p = 1.
This ends the proof of the present lemma. 
By Lemma 2.1, one can directly get (1.1) from the critical case 1r +
1
s +
n−α
n = 2.
A directly computation easily yields the Euler-Lagrange equation for (1.5):
(2.1)

r(fNi )
r−1 = λ
∑
j 6=i
gNj
|i− j|n−α
s(gNi )
s−1 = µ
∑
j 6=i
fNj
|i− j|n−α
If we multiply the first equation of (2.1) by fNi , the second equation by g
N
i and sum up
both sides, we can find out that rλ =
s
µ = Cr,s,α,N . From the definition of Cr,s,α,N , it is
easy to see that Cr,s,α,N > 0 is non-decreasing with respect to N . Moreover, we have
the following lemma which corresponds to the first part of Theorem 1.3.
Lemma 2.2. Let Cr,s,α and Cr,s,α,N be defined as in (1.1) and (1.5) respectively. We
have
lim
N→∞
Cr,s,α,N = Cr,s,α
Proof. It is obvious that
lim
N→∞
Cr,s,α,N ≤ Cr,s,α.
Now we choose a maximizing sequence f (m), g(m) > 0 with |f (m)|lr = |g(m)|ls = 1 such
that ∑
i∈Zn
∑
j∈Zn,i 6=j
f
(m)
i g
(m)
j
|i− j|n−α ≥ Cr,s,α(1−
1
m
).
Then we can choose Nm large enough depending on m such that∑
i∈Zn
∑
j∈Zn,i 6=j
f
(m),Nm
i g
(m),Nm
j
|i− j|n−α ≥ Cr,s,α(1−
1
m
)2.
Here f
(m),Nm
i means that
f
(m),Nm
i =
{
f
(m)
i , for |i| ≤ Nm
0, for |i| > Nm.
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From the cut-off above, we have
|f (m),Nmi |lr , |g(m),Nm |ls ≤ 1, Cr,s,α,Nm ≥ Cr,s,α(1−
1
m
)2.
Passing m→∞, we get the desired result. 
By Lemma 2.2, it is true that
0 < c0 ≤ Cr,s,α,N ≤ C0 <∞
for some uniform constants c0, C0. Therefore without loss of generality, we may assume
Cr,s,α,N = 1 in the proof of Theorem 1.2, since we only use the uniform up bound and
lower bound of Cr,s,α,N .
The proof for Theorem 1.2: Taking the equation of fN for instance, by (2.1) we
have
(2.2) (fNi )
r−1 =
∑
|j|≤N,j 6=i
gNj
|i− j|n−α ≤ max|j|≤N(g
N
j )

∑
|j|≤N,j 6=i
(gNj )
1−
|i− j|n−α .
Here 0 <  < 1 is a parameter to be determined later. This means that
(2.3) 1 =
∑
|i|≤N
(fNi )
r ≤ max
|k|≤N
(gNk )
r
1−r
∑
|i|≤N
 ∑
|j|≤N,j 6=i
(gNj )
1−
|i− j|n−α
 rr−1
Now we define an operator T satisfying:
(Tf)i =
∑
j∈Zn,j 6=i
fi
| j − i |n−α .
Then by DHLS inequality, we have
|Tf |lp ≤ C|f |lq
for 1q +
n−α
n = 1 +
1
p . We take p =
r
r−1 , q =
s
1− , then we can get the righthand side of
(2.3),
|T ((gN )1−)|
l
r
r−1 ≤ C|(gN )1−|l s1− = C.(2.4)
To guarantee (2.4), we need
r − 1
r
+ 1 =
1− 
s
+
n− α
n
, i.e., 2 +

s
=
1
s
+
1
r
+
n− α
n
.
By the assumption of Theorem 1.2, we see  > 0. Also, as 1r +
n−α
n < 2, we must have
 < 1. From (2.4), one can get
max
|k|≤N
(gNk )
r
1−rC
r
r−1 ≥ 1.
Or we have
max
|k|≤N
(gNk ) ≥ cr,s,α.
The proof for the lower bound of max
|k|≤N
(fNk ) is just the same, we omit the details here.2
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Remark 2.1. From the proof of Theorem 1.2, one can see that the supercritical condition
1
r +
1
s +
n−α
n > 2 plays an important role. This is also the reason why we can’t prove the
existence of the maximizing pair (f, g) in the critical case in the present paper.
3. The existence of maximizing pair (f, g)
Since Theorem 1.2, we can have
f
(N)
i =
{
f¯Ni , in ΩN
0, in Zn\ΩN
Here ΩN = {i − i0||i| ≤ N}, (fN , gN ) is the maximizing pair of (1.5) and f¯Ni = fNi−i0
with max
|i|≤N
fNi = f
N
i0 . One can see f
(N)
0 , g
(N)
0 ≥ c > 0. As |f (N)|lr = |g(N)|ls = 1, we can
choose a subsequence still denoted by f (N), g(N) such that
f (N) ⇀ f, g(N) ⇀ g, weakly in lr, ls respectively
and
f (N) → f, g(N) → g, pointwise in Zn.
It is easy to see that f0, g0 ≥ c > 0 and |f |lr , |g|ls ≤ 1. Now we can have the following
lemma.
Lemma 3.1. ∀i, j ∈ Zn, fi > 0, gj > 0, we have
(3.1)

Cr,s,αf
r−1
i =
∑
k,k 6=i
gk
|k − i|n−α
Cr,s,αg
s−1
j =
∑
k,k 6=i
fk
|k − j|n−α .
Proof. We only need to show the first part of (3.1) is right. As fi > 0, we can see
f
(N)
i > 0 for N large, then for any fixed M ,
(3.2) Cr,s,α,N
(
f
(N)
i
)r−1
=
∑
k,k 6=i
g
(N)
k
|k − i|n−α =
∑
|k|≤M,k 6=i
g
(N)
k
|k − i|n−α +
∑
|k|>M,k 6=i
g
(N)
k
|k − i|n−α
We can pass the limit in the left-hand side and the first part of right-hand side of (3.2)
since it is finite summation.
∑
|k|>M,k 6=i
g
(N)
k
|k − i|n−α ≤
 ∑
|k|>M,k 6=i
(
g
(N)
k
)s 1s  ∑
|k|>M,k 6=i
|k − i|− (n−α)ss−1
 s−1s
≤ CMn− (n−α)ss−1 → 0, as M →∞.(3.3)
In getting the last inequality, we have used 1r +
1
s +
n−α
n > 2 which means
1
s >
α
n . 
Lemma 3.2.
|f |lr = |g|ls = 1.
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Proof. If it’s not true, by Lemma 3.1, we can easily see that 0 < |f |rlr = |g|sls < 1. Set
f¯i =
fi
|f |lr , g¯i =
gi
|g|ls .
Then
J(f¯ , g¯) =
∑
i
∑
j,j 6=i
figj
|i− j|n−α |f |
−1
lr |g|−1ls
= Cr,s,α|f |r−1−
r
s
lr > Cr,s,α(3.4)
which is a contradiction to the definition of best constant. The last inequality follows
from
1
r
+
1
s
>
α
n
+ 1 > 1.

In fact, Lemma 3.2 implies Theorem 1.1 with (f, g) as the maximizing pair. Although
in passing the limit to get the maximizing pair (f, g), we may only have fi, gi > 0 for
i ∈ Ω ⊂ Zn. But in fact, as we know (f, g) are maximizing pair, they should satisfy (3.1)
for all i ∈ Zn which means f, g > 0.
4. The strong convergence of f¯N , g¯N
This section is denoted to prove the second part of Theorem 1.3. The following lemma
is a special case of Theorem 2 in [1]. We provide a simple proof here.
Lemma 4.1. Suppose fN ∈ lr(Zn) and fN → f ∈ lr(Zn) pointwise in Zn as N → ∞.
Then we will have
lim
N→∞
|fN − f |lr = 0,
provided lim
N→∞
|fN |lr = |f |lr .
Proof. For any fixed  > 0, we can choose M large enough such
(4.1)
∑
|i|≤M
|fi|r ≥ |f |rr(1− ).
Fox such fixed M , by the pointwise convergence of fN , we can choose NM large enough
so that
(4.2)
∑
|i|≤M
|fNi − fi|r ≤ |f |rr, ∀N ≥ NM .
Combining (4.1) and (4.2), we have (1−2)|f |rr ≤
∑
|i|≤M
|fNi |r ≤ |f |rr. From lim
N→∞
|fN |lr =
|f |lr , we have another N
(1− )|f |rr ≤ |fN |rr ≤ (1 + )|f |rr, ∀N ≥ N.
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Hence for N ≥ max(NM , N) = N0,∑
|i|>M
|fNi |r ≤ 3|f |rr.
Now we have
|f¯N − f |rr =
∑
|i|≤M
|fNi − fi|r +
∑
|i|>M
|fNi − fi|r
≤ |f |rr + C
∑
|i|>M
(|fNi |r + |fi|r) ≤ 5|f |rr
for N ≥ N0. Passing → 0, we have finished the proof of the present lemma. 
The second part of Theorem 1.3 is the direct conclusion of Lemma 3.2 and Lemma
4.1.
References
[1] Brzis H, Lieb E. A relation between pointwise convergence of functions and convergence of func-
tionals. Proceedings of the American Mathematical Society, 1983, 88(3): 486-490.
[2] Chen X, Li C, Zhen X. Optimal summation interval and nonexistence of positive solutions to a
discrete sytem. Preprint.
[3] Chen W, Jin C, Li C, Lim J. Weighted Hardy-Littlewood-Sobolev inequalities and systems of integral
equations. Discrete and Continuous Dynamical Systems, Supplement, 2005, 2005: 164-172.
[4] Chen W, Li C. An integral system and the LaneCEmden conjecture. Discrete Contin. Dyn. Syst,
2009, 4: 1167-1184.
[5] Chen W, Li C. Radial symmetry of solutions for some integral systems of Wolff type. Discrete
Contin. Dyn. Syst, 2011, 30: 1083-1093.
[6] Chen W, Li C. Regularity of solutions for a system of integral equations. Commun. Pure Appl. Anal,
2005, 4: 1-8.
[7] Chen W, Li C. The best constant in a weighted Hardy-Littlewood-Sobolev inequality. Proc. Amer.
Math. Soci., 2008, 136(3): 955.
[8] Chen W, Li C, Ou B. Classification of solutions for a system of integral equations. Communications
in Partial Difference Equations, 2005, 30(1-2): 59-65.
[9] Chen W, Li C, Ou B. Qualitative properties of solutions for an integral equation. Disc. and Cont.
Dynamics Sys., 12 (2005), 347-354.
[10] Chen W, Li C, Ou B. Classification of solutions for an integral equation. Communications on pure
and applied mathematics, 2006, 59(3): 330-343.
[11] Cheng Z, Li C. An extended discrete Hardy-Littlewood-Sobolev inequality. arxiv:1306.1649v1.
[12] Hardy G, Littlewood J, Po´lya J. Inequalities. Cambridge University Press, Volume 2, 1952.
[13] Li C, Villavert J. An extention of the Hardy-Littlewood-Po´lya inequality. Acta Math. Scientia, 31B
(2011), 2285-2288.
[14] Lieb E. Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities. Annals of Math,
1983, 118: 349-374.
Department of Mathematics, INS and MOE-LSC, Shanghai Jiao Tong University, Shang-
hai
E-mail address: genggenghuang@sjtu.edu.cn
Department of Mathematics, INS and MOE-LSC, Shanghai Jiao Tong University, Shang-
hai
DISCRETE HARDY-LITTLEWOOD-SOBOLEV INEQUALITY 9
Department of Applied Mathematics, University of Colorado at Boulder
E-mail address: Congming.Li@Colorado.EDU
Department of Mathematics, INS and MOE-LSC, Shanghai Jiao Tong University, Shang-
hai
E-mail address: jasonpkbl@sjtu.edu.cn
